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Self-intermediate scattering functions �ISFs� are measured by dynamic light scattering for the colloidal fluid
of hard spheres for both equilibrium and nonequilibrium �undercooled� conditions, i.e., for volume fractions
below and above the known freezing transition of the hard-sphere system. The delay time �m where the
mean-squared displacement, or the low wave-vector limit of the ISF, exhibits its maximum stretching is
identified as a characteristic of the non-Markovian process�es� and is used to separate the ISF into fast
����m� and slow ����m� contributions. Each of these contributions exposes qualitative differences in the
dynamics of the particles between the equilibrium and nonequilibrium colloidal fluids. These changes in the
relaxation scenario signal the colloidal fluid’s awareness of its traversal of the freezing volume fraction.

DOI: 10.1103/PhysRevE.72.031402 PACS number�s�: 82.70.Dd, 64.70.Dv, 61.20.Ne

I. INTRODUCTION

Most liquids submit to undercooling to some degree be-
fore they solidify, usually very quickly, into a crystalline
solid. In some cases it is possible to undercool the liquid to
an extent where its resistance to flow becomes so great that it
behaves like a brittle, but amorphous, solid, i.e., a glass is
formed. Both “solidification” processes are of practical and
fundamental interest and there continues to be considerable
inquiry into the underlying mechanisms �1�.

One line of inquiry employs suspensions of solid, near-
micrometer sized particles suspended in liquid. Interactions
among the particles can be made to vary considerably and,
consequently, suspensions can display a rich variety of
phases �2�. Here we consider the simple case where the par-
ticles interact like hard spheres: the volume fractions of co-
existing fluid and crystal phases, �f=0.494 and �m�0.54,
observed for the laboratory prepared “hard-sphere” suspen-
sion �3� map approximately onto those known for the perfect
hard-sphere system �4�. However, unlike undercooled fluids
of simple molecules, the undercooled colloidal melt of hard
spheres crystallizes slowly. Although the hard-sphere system
is athermal, for convenience we will still describe the colloi-
dal fluid as “undercooled” once the volume fraction exceeds
the freezing value. The large radii and damped motions of
the suspended particles cause structural relaxation to be slow
enough to be measured with real time correlators. In addi-
tion, a small spread in the particle radii delays formation of
Bragg reflecting crystals thereby extending the lifetime of
the undercooled colloidal fluid and allowing exploration of
its structure and dynamical properties �5�.

Experiments to date show that as the volume fraction of
the colloidal fluid is increased the decay of the time correla-
tion function of number density fluctuations becomes slower,
deviates more and more from an exponential, and develops a
two stepped decline to the noise floor �6,7�. The slower, sec-
ond step effectively arrests at �g�0.565, the point identified
as the glass transition �GT�.

The dynamic slowing just mentioned and the GT ob-
served in glass forming fluids generally is commonly consid-

ered in terms of the cage effect �8�. The microscopic visual-
ization this conveys is that, in time, the atoms of a liquid �or,
for that matter, particles in suspension� are able to diffuse
arbitrarily large distances although their progress is continu-
ally hindered by temporary entrapments in instantaneous
cages of neighboring atoms �or particles�. The average en-
trapment period lengthens on increasing the liquid’s density
until, at the GT, all atoms are permanently trapped by their
neighbors. The entrapment period represents a crossover
from �local� solidity to fluidity. In this the cage picture pre-
sents a microscopic underpinning of Maxwell’s model of vis-
coelasticity �9�. The cage picture is augmented in mode-
coupling theory �MCT� of the GT �10� by a delayed,
nonlinear feedback that, in effect, models the cooperation or
backflow required for an atom to “escape” from its neighbor
cage. In essence this feedback drives the deviations of the
time correlation functions from simple exponential functions
of delay time. Significantly, MCT quantitatively describes
the stretching, the two-stepped decay, and arrest of the den-
sity correlation function, for example, as observed not only
for the colloidal fluid of hard spheres �6,11� but a variety of
other glass forming fluids �12�.

In the preceding theories the time correlation functions
are predicted to change continuously and smoothly, just like
transport coefficients, as the fluid is cooled or compressed
through its freezing point. In fact there is no mechanism by
which the fluid is aware of its traversal through this point.
Put another way, from the cage perspective the fluid does not
know whether it is in thermodynamic equilibrium or whether
it is undercooled. Moreover, observations to date appear to
be entirely consistent with this perspective. Despite this, we
still wonder whether there could be qualitative changes in the
time correlation functions that signal the fluid’s awareness of
its passage through the freezing point.

Our purpose here is to examine, more closely than in
previous work �7�, the autocorrelation function of tagged
particle density fluctuations to see whether there are features
that may have been overlooked. We restrict ourselves to the
Gaussian, or small wave-vector, limit of the self-intermediate
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scattering function �ISF�. As found previously �7�, neither
the ISF itself nor the mean-squared displacement show any
qualitative change when the volume fraction passes through
the phase boundaries at �f and �m. However, in this paper
analysis of dynamic light scattering �DLS� data is taken fur-
ther by adopting two methods to distinguish fast and slow
contributions to the ISF. The first separates the ISF into a fast
Markovian process, characterized by the short-time self-
diffusion coefficient, and a slower non-Markovian process
that is indicative of structural relaxation. Obviously, this ap-
proach assumes the fastest detectable movements of the par-
ticles to be Markovian. No assumption is made in the second
method where fast and slow contributions are delineated by
the delay time where the ISF displays its greatest stretching.

An abridged version of the results has already been re-
ported �13�. This paper presents a more detailed analysis and
discussion. It is set out as follows: Secs. II and III, respec-
tively, summarize dynamic light scattering theory and experi-
mental procedures. Experimental results and their analysis
are contained in Sec. IV. The summary and conclusions are
presented in Sec. V.

II. THEORY

Dynamic light scattering, now a standard method for mea-
suring dynamical properties of liquids, polymer solutions,
and suspensions, has been reviewed in numerous articles
�14�. In this section we present those aspects of the theory
required for the discussion of the data.

The property of interest is the self-intermediate scattering
function �ISF� or moment generating function of the particle
displacement, �r���, in the time interval �,

Fs�q,�� = �exp�iq · �r����� , �1�

where q is the wave vector. The procedure by which Fs�q ,��
is obtained from the measured autocorrelation function of the
intensity of the scattered light is detailed in other papers
�7,15�.

The angular brackets in the above expression denote av-
erages over the ensemble of the phases that appear in the
exponent. The resulting rotational invariance leads to the cu-
mulant expansion �16�,

ln Fs�q,�� = − ��r2����
q2

6
+ 1

2�����q2

6
	2

+ ¯ . �2�

Successive cumulants ��r2���� and ����= 3
5 ��r4����

− ��r2����2 of the particle displacement distribution, respec-
tively, represent the mean-squared displacement �MSD� and
the first deviation from Gaussian. From Eq. �2� it follows
that

Fs�q → 0,�� = Fs
�G��q,�� = exp�− q2��r2����/6� , �3�

i.e., non-Gaussian contributions are not exposed in the limit
of infinite spatial integration �q→0�.

A common approximation assumes the suspending liquid
imparts no memory to particle displacements for any time
interval that gives detectable fluctuations in the scattered
light �17�. Thus the fastest detectable process is Markovian,
i.e.,

��r2���� = 6Ds� . �4�

Clearly this approximation applies, if at all, for observa-
tion intervals no longer than the average interval �c between
particle encounters. Accordingly the constant, Ds in Eq. �4�,
is referred to as the short-time self-diffusion coefficient. We
estimate �c from the interval during which a particle of a
suspension of hard spheres incurs a root-mean-squared
�RMS� displacement equal to the average gap,

Rc = ��R

�
	1/3

− 1, �5�

between the particles, expressed here in units of the particles’
radius R. Since we are interested in only the disordered, fluid
states we set �R=0.64, the volume fraction at random close
packing where the particles are presumed to be touching.

One defines the ideal dilute suspension as that in which
particles never encounter each other. Equation �4� then ap-
plies for all � with Ds replaced by Do, the diffusion coeffi-
cient of an isolated particle in an unbounded liquid. In the
units employed here, diffusion coefficients are expressed in
units of Do, so that for the ideal dilute suspension Ds=1. Any
reduction of Ds, relative to unity, reflects slowing of �ther-
mally driven� diffusion of the particles by hydrodynamic
modes in the suspending liquid that propagate instanta-
neously on the time scale of detectable fluctuations of the
scattered light �17–19�.

We separate the self-ISF into “fast” and “slow” contribu-
tions in two ways:

�i� The first employs the Markovian assumption, Eq. �4�,
for the fast contribution. The quantity

T�q,�� = exp�− q2Ds�� �6�

will be referred to as the “thermal mode.” The difference,

N�q,�� = Fs�q,�� − T�q,�� , �7�

exposes a slower, non-Markovian process characteristic of
structural relaxation. From this perspective structural relax-
ation is presumed to occur entirely by accumulation of dif-
fusive �uncorrelated� encounters among the particles: no ac-
count is taken of memory effects in the suspending liquid.

�ii� The second method introduces no assumption. It sim-
ply makes use of the observed stretching of the MSD. We
define �m as the delay time where the stretching is greatest.
The stretching index at �m is

� = min�d log��r2����
d log��� � . �8�

The corresponding MSD is Rm
2 = ��r2��m��. From the ampli-

tude

A�q� = Fs�q,�m� �9�

of the ISF at �m we calculate the quantity
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P�q,�� = 
Fs�q,�� − A�q�
1 − A�q�


 . �10�

We refer to P�q ,���m�, the decay of the ISF towards A�q�,
as the “fast” component of the fluctuations and P�q ,���m�,
the decay of the ISF away from A�q�, as the “slow” compo-
nent. Thus P�q ,���m� and P�q ,���m� are the correlation
functions of fluctuations accumulated in the intervals of de-
lay times �‘‘0 , ’’�m� and ��m, ‘‘�’’�, respectively. Here “0”
and “�” denote the lower and upper limits of the experi-
mental resolution.

These definitions are well known from MCT of the glass
transition �10,12�. There �m is the crossover time from the
fast 	 process to the slow � process and A�q� is the noner-
godicity parameter. However, rather than analyzing the data
in terms of MCT, the purpose in this paper is to see whether
the quantities P�q ,���m� and P�q ,���m� reveal any quali-
tative changes when the volume fraction traverses �f.

In the limit �→�, displacements must evolve towards
Markovian, by definition, for a system in thermodynamic
equilibrium, i.e.,

��r2�� → ��� = 6Dl� , �11�

where Dl is the long-time self-diffusion coefficient.

III. METHODS

Dynamic light scattering procedures and the preparation
and characterization of colloidal particles are described in
detail in previous work �e.g., �7,15��. Here we mention the
most important points.

First, effective hard-sphere volume fractions � of the
samples were determined by referencing the observed freez-
ing volume fraction, based on weight analysis, to the known
freezing value, �f=0.494, of the perfect hard-sphere system
�4�. This gives melting and GT volume fractions at
�m=0.535±0.005 and �g=0.565±0.005, respectively �3,6�.
From the approximate agreement between the observed mis-
cibility gap, �m−�f, and that expected of the hard-sphere
system, it has been inferred that the interaction between the
particles is effectively equivalent to that between hard
spheres �3�. This inference has been confirmed by direct
measurement of the force between the particles’ stabilizing
layers �20�. For the particles considered here there is some
narrowing of the miscibility gap due to polydispersity of the
particles �21�.

Second, volume fractions of the samples are in the range
0.16
�
�g. Measurements in undercooled samples
����f� were made before any Bragg reflections were evi-
dent or, for that matter, before the static structure factors
showed discernable crystal-like features. As reported previ-
ously, except when the suspension is in the glass state ��
��g�, the ISFs are independent of the commencement time
of the measurements �7�. Accordingly, the measurements re-
ported here were made over a space-time window in which
the suspension’s properties are �quasi�stationary in space and
time.

Third, in order to measure self ISFs, tracer systems are
used. The suspensions consist of polymer particles closely

indexed matched with the suspending liquid, with approxi-
mately 2% �by volume� of silica particles of the same aver-
age radius �R=200 nm�. Both particles are sterically stabi-
lized by the same coating of poly-12-hydroxystearic acid of
thickness about 10 nm. Thus the tracer particles are dynami-
cally identical to the host particles �for more details, see
Refs. �7,15��.

Fourth, all measured ISFs are based on the full ensemble
of phases, q·�r �Eq. �1��. This is ensured by a sufficiently
large scattering volume and, for samples near the GT where
fluctuations are extremely sluggish, by rotation or translation
of the sample �7,22�. In this ensemble the scattered light field
is a complex Gaussian variable with zero mean �23�. The
criterion for this, satisfied in these experiments, is that the
normalized mean-squared amplitude of the intensity fluctua-
tions of the scattered light is 2, after allowing for the effects
of multiple scattering and spatial integration over the detec-
tor area �24�.

Fifth, the self-ISFs discussed here were all made at the
lowest wave vector, q=1.3/R, accessible with the configura-
tion of the two-color, multiple scattering suppression, spec-
trometer �24�. Conveniently, there are no detectable
differences between the self-ISF measured at this wave vec-
tor and the Gaussian limit �Eq. �3��, i.e., Fs�qR=1.3,��
�Fs

�G��qR=1.3,�� �7�.

IV. RESULTS AND DISCUSSION

Distances are expressed here in units of the particle radius
R and delay times in units of the Brownian characteristic
time, �b=R2 / �6Do� �=0.021 s�. Thus �b is the time interval in
which a particle in an ideal dilute suspension executes an
RMS displacement equal to its radius.

Typical MSDs are shown in Fig. 1 for several values of �.
In this log-log presentation straight lines of unit slope indi-
cate diffusion. The average interval �c between particle en-

FIG. 1. Double logarithm plot of the MSD vs delay time at the
volume fractions indicated. The arrows indicate the points ��c ,Rc

2�
and ��m,Rm

2 �, respectively �see text for more information�. The
dashed line is the MSD for the ideal dilute suspension.
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counters, defined in Sec. II, is indicated and shown as a
function of � in Fig. 2, along with other quantities to be
discussed later. The short-time self-diffusion coefficients Ds
�Eq. �4��, estimated from the intercepts of the best fitting
lines of unit slope to the data in the window ���c, are
shown in Fig. 3 along with results from previous experi-
ments �7,15,25�. We attribute differences between the various
estimates of Ds to experimental errors.

Figure 4 shows examples of the ISF, Fs�q ,��, the thermal
mode, T�q ,��=exp�−Dsq

2��, and the difference, N�q ,��, de-
fined in Sec. II, for the colloidal fluid in thermodynamic
equilibrium ���f �Figs. 4�a� and �b��; the nonequilibrium
fluid in the coexistence region, �f����m �Fig. 4�c��; and

the nonequilibrium fluid above the melting value, ���m
�Fig. 4�d��. The noise and change in spacing of the data
around log �=2, seen for the highest volume fraction, is the
region where the results of two different correlators have
been joined �see Ref. �7� for details�. The delay time �m

*

where N�q ,�� has a maximum, is shown against the volume
fraction in Fig. 2.

Obviously, once T�q ,�� has decayed to zero N�q ,�� coin-
cides with Fs�q ,��. The exponential approximation to the
subsequent decay of Fs�q ,�� is obtained by translating
T�q ,�� along the log � axis until the two coincide �see Fig.
4�. From this translation the ratio Dl /Ds of the long and short
time self-diffusion coefficients is obtained. As is evident
from Fig. 4�d� this procedure may overestimate the value of
Dl /Ds when � is close to �g and the complete decay of the
ISF to the noise floor is no longer captured in the experimen-
tal window. Aside from this ambiguity this procedure esti-
mates the linear transport coefficient Dl that characterizes the
Markovian approximation to the slowest detectable tagged
particle density fluctuations. The coefficients Dl are shown in
Fig. 5 in a semilog presentation along with estimates from
other experiments �7,15�.

Figure 6 shows the amplitudes T�q ,�m
* � and N�q ,�m

* � of
the thermal and non-Markovian modes at �m

* . T�q ,�m
* � de-

creases monotonically with volume fraction and falls below
the noise floor ��0.01� at ���m. Thus once the melting
volume fraction is exceeded it appears that structural relax-
ation can no longer be accounted for in terms of �thermally
driven� diffusive encounters alone. However, aside from this
inference, analysis of the data so far reveals no clear quali-
tative difference between the equilibrium and undercooled
colloidal fluids.

We now turn to the second method, described in Sec. II,
to separating fast and slow contributions to the ISF. This
requires the point of maximum stretching of the MSD which,
for ��0.3, can be determined directly by application of Eq.
�8� to the data. The delay times �m, shown in Fig. 2, show no
systematic variation with � up to approximately �f. For
larger � , �m increases, seemingly without limit on approach-
ing �g.

For ��0.3 deviations from diffusion are apparent but
they are too small for the point of inflection, in the double
logarithm plot of the MSD vs �m, to be discernable from the
experimental noise. In these cases we set �m to the average
value ���m�=4� found for 0.3����f. The index � is then
obtained from the logarithmic derivative of the MSD at
�= ��m�. The results are shown for all � in Fig. 7. Note that �
decreases monotonically to zero as �g is approached and
passes through approximately 1

2 and 1
3 at �f and �m, respec-

tively. These particular values of the exponent emerge in the
asymptotic growth of the MSD in a number of model sys-
tems, such as single file diffusion �26�, the Lorentz gas �27�,
and random walks in the presence of traps �28�, all of which
suggest that the movement exposed in the undercooled fluid
at delay time �m is movement confined to one dimension. We
defer a detailed analysis of the data in terms of these models
to a future publication.

Given �m, the amplitude A�q� and the quantity P�q ,��,
defined by Eqs. �9� and �10�, can be calculated. In Fig. 6 one

FIG. 2. Characteristic delay times discussed in the text: �m is the
time of maximum stretching; �c is the average interval between
particle encounters; �m

* is the interval where N�q ,�� �Eq. �7�� has a
maximum. The vertical dashed lines, shown in all figures where �
is the abscissa, are located at the observed freezing, melting, and
glass transition volume fractions, �f=0.494, �m=0.535, and
�g=0.565.

FIG. 3. Short-time self-diffusion coefficients Ds obtained from
present and previous experiments.
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sees that A�q� increases monotonically up to �f and then
remains constant.

P�q ,�� is shown in Fig. 8 for cases that typify behavior of
the colloidal fluid in the thermodynamically stable region, in

the coexistence region and above the melting volume frac-
tion. The behavior of P�q ,�� in the immediate vicinity of the
cusp �P�q ,�m�=0� is very sensitive to experimental uncer-

FIG. 4. Self-ISF, Fs�q ,��, the thermal mode, T�q ,��=exp�−Dsq
2��, and the non-Markovian mode, N�q ,�� for several volume fractions.

The vertical lines mark the delay times �m
* where N�q ,�� is a maximum.

FIG. 5. Long-time self-diffusion coefficients Dl obtained from
present and previous experiments.

FIG. 6. The amplitudes T�q ,�m
* � and N�q ,�m

* � of the thermal and
non-Markovian modes at �m

* �defined by Eqs. �6� and �7��, and the
amplitude A�q� defined by Eq. �9�. See text for details.
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tainty. Away from this point the results are more stable and
we are able to identify qualitative differences in the decay of
both the fast and slow contributions in different regions of
the phase diagram.

We begin with the contribution P�q ,���m� of the fast
fluctuations which, as seen in Fig. 9�a�, shows no systematic
variation with � for ���f. Fitting the data to the function,

P�q,� � �m� = exp�− ��/�e�	� , �12�

treating both �e and 	 as free parameters yields 	
=1.00±0.05 and the characteristic decay times �e, shown in
Fig. 10�a�. The ratio �m/�e��2� �Fig. 10�b�� shows no varia-
tion with �. In other words, for the equilibrium suspension
the fast process, defined by Eq. �10�, can be described by an
exponential function of delay time that shows no systematic
variation with volume fraction.

As seen in Fig. 9�b�, when the volume fraction
exceeds the freezing value, ���f, the decay of the fast fluc-
tuations becomes increasingly stretched. For these cases
P�q ,���m� has been fitted to the stretched exponential, Eq.
�12�, with �e and 	 as free parameters. The values obtained
for these are shown in Figs. 10 and 11, respectively. The
quantity �s is discussed below. The expanded scale of Fig.
10�b� gives a clearer view of the noise on the various char-
acteristic times. Despite this there appears to be no system-
atic dependence of the ratio �e /�m on �. The best fitting
straight line to the values of 	 gives 	��f��1 and 	��g�
�1/3. Thus the fast process in the undercooled colloidal
fluid is able to be described by the stretched exponential with
the stretching exponent 	 decreasing from 1 at �f to approxi-
mately 1

3 at �g.
Next we examine the slow component of the fluctuations,

P�q ,���m�. Here we are able to identify three qualitatively
different behaviors. In the first, illustrated in Fig. 12�a�, there
is consistency between P�q ,���m� and that calculated from

FIG. 7. Stretching index � defined by Eq. �8�, as a function of
volume fraction. The horizontal lines represent the value of � as it
crosses freezing ��= 1

2
� and melting ��= 1

3
�.

FIG. 8. The quantity, P�q ,��, defined by Eq. �10� for the volume
fractions indicated.

FIG. 9. The fast decay, P�q ,���m�, of the self-ISF at volume
fractions indicated. �a� ���f: The dashed curve is Eq. �12� with
	=1 and log �e=0.22. �b� ���f: The curves are Eq. �12� for vari-
ous values of 	. Note the difference in scale of the abscissas of �a�
and �b�.
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Eq. �10� with A�q� from Fig. 6 and Fs�q ,��=exp�−Dlq
2��,

where Dl is the long-time self-diffusion constant shown in
Fig. 5. This consistency is found within experimental error
for � below approximately 0.35. We express this consistency
with the generalized form,

P�q,� � �m� =
exp�− �Dlq

2���� − A�q�
1 − A�q�

, �13�

which allows for possible stretching of the slow process.
Thus for ��0.35 Eq. �13� describes the data with �=1.

The second type of behavior is shown in Fig. 12�b� for
0.35����f. Clearly Eq. �13� with �=1 no longer describes
the data. In these cases much better agreement is achieved by
allowing � to be less than 1. As can be seen in Fig. 13, the
value of � that give the best fit to the data shows a small but
systematic decrease with �.

Third, when the volume fraction exceeds the freezing
value and one presses deeper into the undercooled region, it

becomes increasingly difficult to describe the data with Eq.
�13�. As seen in Fig. 12�c�, in these cases a power law,

P�q,� � �m� = ��/�s�, �14�

emerges as the better description of the data. For consistency
Eq. �14� has been fitted to the data in the range
−0.5
 log P�q ,���m�
1.0. Below the lower limit P�q ,�
��m� is very sensitive to �m, whereas above the upper limit
it approaches the experimental noise floor. The resulting
scaling times �s and exponents  are shown in Figs. 10 and
13, respectively.

To determine whether there is any connection between the
scaling time �s and the decay time �6/q2Dl� that character-
izes �long-time� diffusion, the product �q2Dl /6��s is also
shown in Fig. 13. Given the experimental noise we cannot
realistically discern any systematic variation of �q2Dl /6��s

from its average value of 0.04. Thus barring any variation
that may be hidden by the experimental noise, we infer that
the process that emerges at �f is universal in that the expo-
nent  of the power law is independent of � and that �s
scales with the inverse of the long-time diffusion coefficient.

V. SUMMARY AND CONCLUSION

We have examined the time correlation function of the
Gaussian component of the tagged particle density fluctua-
tions of a suspension of hard-sphere particles, with the pur-
pose of exposing qualitative differences between equilibrium
����f� and nonequilibrium ����f� conditions. To this end
two methods have been employed to separate the ISF into
slow and fast contributions. The two methods give two dif-
ferent �dimensionless� quantities, �m and �m

* �Fig. 2�, that
characterize the non-Markovian process in the suspension.
Determination of �m

* , in the first method illustrated in Fig. 4,
accounts for this process by accumulation of uncorrelated
�diffusive� encounters. No account is taken of the memory of
the suspending liquid. Determination of �m in the second

FIG. 10. Characteristic times and scaling times: �a� shows �m,
the time of maximum stretching; �s �defined by Eq. �14��; �e �de-
fined by Eq. �12��. �b� shows these quantities on an expanded scale
and also shows the ratio �m/�e.

FIG. 11. The exponent 	 defined by Eq. �12� as a function of
volume fraction. The line of best fit is also shown.

CHANGE IN RELAXATION SCENARIO AT THE ORDER-… PHYSICAL REVIEW E 72, 031402 �2005�

031402-7



method makes no assumption. The ratio �m/�c, also plotted
in Fig. 2, gives the number of particle encounters accumu-
lated during �m. One sees for the equilibrium colloidal fluid
����f� that �m

* and �m/�c coincide within experimental un-
certainty. Thus structural relaxation, characterized by the in-
terval �m, can also be expressed by �m/�c statistically iden-
tical diffusive encounters.

For the undercooled colloidal fluid ����f� the observa-
tion that �m/�c exceeds �m

* suggests another source of
memory has come into play. Hence, by the reasoning above,
structural relaxation can no longer be described entirely in
terms of memoryless encounters. In this there is the sugges-
tion of a possible change in the relaxation scenario when the
volume fraction of the suspension passes through the freez-
ing value.

The different relaxation scenarios of the equilibrium and
undercooled colloidal fluids are exposed explicitly when
separating fast fluctuations, defined by those accumulated in
the time interval �‘‘0 , ’’�m�, from slow fluctuations, defined
by those accumulated in the interval ��m, ‘‘�’’�. This separa-
tion reveals the following.

For the colloidal fluid in thermodynamic equilibrium
����f� the autocorrelation function of the fast fluctuations
decays exponentially with a decay time that is independent
of �, i.e., the fast process is a universal Markovian process.
The slow process decays by an exponential ���0.35� or
stretched exponential �0.35����f� function of delay time.
The characteristic decay time is set by the long-time self-
diffusion coefficient.

For the undercooled colloidal fluid ����f� the fast fluc-
tuations decay by a stretched exponential function �Eq. �12��.
The stretching exponent decreases from unity, at �f, to about
1
3 at �g, and the characteristic decay interval grows without
apparent limit when approaching the volume fraction �g of
the glass transition. The slow process follows a power law
whose index is independent of �.

In essence we find that for volume fractions less than
about ��0.35 both fast and slow processes are Markovian,

FIG. 12. Slow decay, P�q ,���m�, of the self-ISF at the repre-
sentative volume fractions indicated. �a� ��0.35, �b� 0.35��
��f, and �c� ���f. In �a� and �b� the solid curves represent the
best fits to the data with Eq. �13� and �=1. In �b� the dashed curves
represent the best fit to the data with Eq. �13� and ��1. The hori-
zontal lines in �c� mark the range over which Eq. �14�, shown by the
solid lines, has been fitted to the data. For comparison, the dashed
curve in �c� represents the best fit with Eq. �13�. The fit parameters
are shown in Fig. 13.

FIG. 13. Shows the parameters � �defined in Eq. �13��,  �de-
fined in Eq. �14��, and the quantity log ��q2Dl /6��s� as function of
volume fraction.
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or memoryless. At ��0.35 memory enters the slow process.
At �f memory enters the fast process and the slow process
becomes scale free. These qualitative changes indicate an
awareness on the part of the hard-sphere colloidal fluid of its
traversal of not just �f but also ��0.35.
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